ON THE EXISTENCE OF BIBUNDLES 



MICHAEL MURRAY, DAVID MICHAEL ROBERTS, AND DANNY STEVENSON 



Abstract. We consider the existence of bibundles, in other words locally 
trivial principal G spaces with commuting left and right G actions. We show 
that their existence is closely related to the structure of the group Out(G) of 
outer automorphisms of G. We also develop a classifying theory for bibundles. 
The theory is developed in full generality for (ff, G) bibundles for a crossed- 
module {H, G) and we show with examples the close links with loop group 
bundles. 
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1. Introduction 

There has been interest recently in gerbes that have non-abelian band [T] par- 
ticularly for applications to string theory. In the literature that has developed it is 
notable that it seems to be difficult to find concrete examples which are not closely 
related to abelian gerbes. A closer examination suggests that the problem centres 
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around the need, when defining a gerbe, to be able to form a product of principal G 
bundles in such a way as to yield another principal G bundle (rather than a, G x G 
bundle). A similar problem arises in module theory when wants to take a tensor 
product of modules of a non-commutative ring R. In this case one is led to con- 
sider bimodules, i.e. modules over the ground ring with commuting left and right 
actions of R. By analogy, we are naturally led to study not just principal bundles 
but so-called 'bibundles'. These are fibrings that are simultaneously left and right 
principal G bundles in such a way that the left and right G actions commute. 

However, the existence of such objects is more problematic. To see why, consider 
the fibre of such a bibundle. In the case of a G bundle the fibre is a right G space 
and there is only one of these up to isomorphism. In the case of bibundles the fibre 
is a G bispace and now there are different isomorphism classes labelled by Out(G), 
the group of outer automorphisms of G. We dwell in some apparently pedantic 
detail on the structure of G bispaces. This effort however is rewarded by making 
many constructions for bibundles immediate. 

Fundamental to our approach is the idea of the type of a bispace or bibundle. In 
the case of bispaces the type of a bispace is an element of Out(G) which classifies 
its isomorphism class. In the case of a bibundle P — >^ M it is a map from M to 
Out(G) whose value at m G M classifies the isomorphism class of the bispace which 
is the fibre of P over m. We call the map which associates to a bibundle the type 
of each of its fibres the type map. It forms part of an exact sequence of pointed sets 

TTO Bun2(G)(M) TTO BibunG(M) '^-^ Map(M, Out(G))) 

where Z{G) is the center of G, and no'Bunz (g){M) is the pointed set of isomor- 
phism classes of Z(G)-bundles over M. The message that follows from the exactness 
of this sequence of pointed sets is that for genuinely non-abelian bibundles to exist 
we need Out(G) to be large. In the case that G is simple and simply-connected 
Out(G) is well known to be the (small) finite group of automorphisms of the Dynkin 
diagram of G. More interesting examples arise when G is the group ClK of based 
loops in a compact group K whose outer automorphism group has large subgroups 
such as K itself. 

In summary then we start in Section 2 with a detailed discussion of bispaces. As 

we will see, bispaces are a partial 'categorification' of the notion of G-spaces in which 
the structure group is replaced by a certain kind of groupoid — a so-called '2-group' 
or crossed module. For simplicity in this introduction we have only considered G 
bispaces, which correspond to a restricted class of 2-groups. To obtain a more 
fiexible theory we will need to discuss the more general case of {H, G) bispaces for 
a crossed module {H, G). In Section 3 we consider the case of [H, G) bibundles and 
as well as explaining the exact sequence above we consider the classifying theory of 
bibundles. Finally in the conclusion we indicate briefly some results on the more 
complicated case of [H, G) bibundle gerbes. 

2. Bispaces 

Let G be a topological group and let X be a space. If G acts freely and transi- 
tively on both the left and the right of X and these actions commute, we call X a G 
bispace. We will very often be interested in a smooth version of this notion where G 
is a Lie group, X is a manifold and both of the actions of G on X are smooth — for 
convenience we will also call these objects G bispaces. However, it turns out that it 
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is more natural to consider a more general notion, that of an {H, G) bispace, where 
[H, G) is a 'crossed module'. In the next subsection we will give some motivation 
for this, building up to the definition of {H,G) bispace (see Definition 12.21 below*) . 

2.1. {H,G) bispaces. First consider a G bispace X and, following [HIJ, define a 
map 

^lJ■. X Aut(G) 

by xg = 'il'{x){g)x. Note that is indeed in Aut(G') because we have ip{x){gh)x — 
xgh = 'ip{x){g)xh — ^j{x){g)ip{x){h)x. We call the structure map oi X. We have 

ip{xg){h)xg = xgh = x{ghg'^)g = tp(x){ghg''^)xg = tp(x) Ad{g){h)xg 

so that 4'{^9) = "0(2^) ° Ad(g). Thus ■(/; is right G equivariant if we consider X 
to be a right G space and Aut(G') a right G space under the adjoint action. The 
data of the right G space X together with the equivariant map ip: X ^ Aut(G) 
is sufficient to recover the bispace X, more precisely we have the following lemma 
from [5. 

Lemma 2.1 ([4J Lemme 2.5). The structure map of a bispace gives rise to an 
equivalence between 

(1) G bispaces X 

(2) Pairs {X, ip) consisting of a right G space X and an equivariant map 
ij: X ^ Aut(G'). 

A slightly more general idea would be to choose a subgroup H C Aut(G) con- 
taining Ad(G) and require that the structure map ip take values in H, in other 
words tp{x) € H for all x € X. We will take one step beyond this. Recall (see for 
instance [214]) that a crossed module is a pair of topological groups {H, G) together 
with homomorphisms 

gAh^ Aut(G) 
satisfying the following two conditions: 

(1) t is _ff-equivariant for the action of H on G defined by a and the adjoint 
action Adn of H on H, that is t{a{h){g)) = ht{g)h~^, 

(2) the action of G on itself induced by t is the adjoint action of G on itself, 
i.e. a o t — Adc. 

Note that we have the following example. 

Example 2.1. li H C Aut(G) is a subgroup containing Ad(G) then 

gH H ^ Aut{G). 

is a crossed-module. 

A morphism of crossed modules {H, G) — > (i?', G') consists of a pair of homo- 
morphisms u: H ^ H' and v. G ^ G' such that the diagram 

G—^G' 

t t' 

H ^H' 



commutes and the equivariance condition v{a{h){g)) = a' {u{h)){v{g)) is satisfied. 
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Two easy consequences of the definition of crossed module are the following: 
Gi = kcr(t) C Z{G), the centre of G (hence ker(i) is abelian), and also t{G) C H 
is normal. Therefore we have exact sequences of groups 

l^Gi^G-^ G/Gi 1 

and 

1 ^ t{G) H ^ H/t{G) 1. 
Throughout we will assume that the projections G — > G/Gi and H H/t{G) ad- 
mit local sections (if If G is a crossed module of Lie groups this is of course im- 
mediate, unless one is dealing with some classes of infinite dimensional Lie groups) . 
We will sometimes adopt the notation G — > for a crossed module. The following 
definition appears in [4]. 

Definition 2.2 ([4] page 432). Let (if, G) be a crossed module. An (7J, G) bispace 
is a pair {X, ip) consisting of a right G space X and an equivariant map ip: X ^ H. 

By equivariant we mean that 'ip{xg) = ^{x)t{g). We shall often write bispace 
instead of {H, G) bispace when the context is clear and call the map "0 the structure 
map of X. Note that our definition of [H, G) bispace is different to that in [1] where 
such a thing, in our notation, is a left iJ-space with an equivariant map to Aut(G). 

Example 2.2. If G is a topological group then there is a canonical crossed module 

G^ Aut(G) Aut(G). 

It is straightforward from Lemma l2.ll to see that an (Aut(G),G) bispace is the 
same thing as a G bispace. 

If X is an (if, G) bispace with structure map ip: X ^ H then aoip : X Aut(G) 
is equivariant and we have the following lemma. 

Lemma 2.3. If{X,ijj) is an {H,G) bispace then (X^aoip) is a G-bispace (via the 
correspondence of Lemma \2.1\) . 

This means that an {H, G) bispace has a left action of G defined by 

(2.1) gx = x{{ao^){x))-\g) 

which we use in the future, often without comment. Note however that ipigx) — 
t{g)^{x). 

If /i e if denote by \h] the coset in the quotient group H/t{G). By equivariance 
ip defines a unique element = [V'(a;)] G H/t{G) which we call the type of X. If 1 
denotes a point we have the commuting diagram 

X ^ H 

1 A H/t{G) 

where 0(1) = </>. We write Type(A') for the type of X. 

In the case of a G bispace X we have that Type(X) e Aut(G) / Ad(G) = Out(G), 
the group of outer automorphims of G. We have seen (Lemma l2.3p that any (if, G) 
bispace is also a G bispace and hence has a type in Out(G). This is the image of 
the type in H/t{G) under the homomorphism 

H/t{G) Out(G) 

induced by a. 
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Example 2.3. Choose an element ^ £ iJ and let X ~ G, considered as a right 
G-space under group multiplication. Define a structure map t/j: G ^ H by ip{x) — 
£,t{x). The induced bispace left action on X is given by 

= x{a2P{x))-\k) = x{a{^t{x)))'\k) = x{a{^) Ad{x)y\k). 

Denote this {H,G) bispace by r(^). Then Type(T(^)) = [£]. 

In particular we have the trivial bispace T — T{1) whose structure map is i : G — 5- 
H and for which the induced G bispace is just G with the usual left and right G 
action. 

Example 2.4. Let X he a, right A space for an abelian group A. We can make X an 
A bispace by defining axb — xba^^ and with this definition X has structure map 
tp defined by -0(2;) (a) = a^^. Note that 

A^l^ Aut(A) 

is a crossed module precisely when A is abelian. A right A space is then a (1,^) 
bispace with structure map equal to 1. It is also possible to consider {Ant{A),A) 
bispaces such as the Jandl bundle discussed below in Example 13.71 

If X and Y are G bispaces then a function /: X — > F is called a G bispace 
morphism if it commutes with the left and right actions. Note that, just as in the 
case of ordinary G-spaces, every morphism of G-bispaces is an isomorphism. We 
have the following lemma (see Remarque 2.7 of 0]). 

Lemma 2.4. If X and Y are G bispaces and f: X ^ Y is a bijection then f is 
a G bispace isomorphism if and only if it commutes with the right action and the 
structure map. 

Proof. Follows from Lemma [2. II □ 

It is then natural to make the following definition. 

Definition 2.5. If X and Y are {H,G) bispaces then a function f : X ^ Y is 
called an {H, G) bispace morphism if it commutes with the right action and the 
structure maps. 

Denote by Bispj-^ q-j the category of all (iJ, G) bispaces and bispace morphisms. 
In the special case of the crossed module (Aut(G), G) associated to a group G, we 
will denote the corresponding category of bispaces by Bispg. Note that all (iJ, G) 
bispace morphisms are automatically isomorphisms and hence Bisp^^ is in fact 
a groupoid. We have the following proposition. 

Proposition 2.6. Two (H, G) bispaces X and Y are isomorphic if and only if they 
have the same type. 

Proof. Denote hy ip: X — > H and x- ^ ^ H the structure maps of X and Y 
respectively. If / : X — ;> F is an isomorphism then clearly x — 4'°f c^nd hence the 
type of Y is equal to the type of X. 

Conversely assume the types are both equal to ^ G H/t{G). Notice that x ^nd 
if) are onto the preimage of ^ in iJ so we can choose x ^ X and y £ F such 
that ip{x) = x{y)- Define f:X Y hy f{xg) = yg. Then / is a bijection and 
commutes with the right G action by construction. Moreover the G equivariance 
of the structure maps shows that X ° / = V' giving the required result. □ 
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We can interpret this result as saying that there is a functor Type: Bispj-^ — > 
H/t{G), where H/t{G) is considered as a discrete groupoid, i.e. there are no non- 
identity morphisnis. 

The groupoid Bisp^^ q-^ has extra structure: there is a functor 

®: Bisp(^ c) X Bisp(^ c) ^ Bisp(^ c) 

which sends a pair of bispaces (X, Y) to the product bispace X^Y which is defined 
as follows. If {X, ipx) and (F, -01-) are (i/, G) bispaces then X eg) F is defined to be 
the bispace X ®Y = {X 'k Y) / G , where G acts on X x F by 

i.x,y)g = {xg,g~^y) = {xg,y{aipY{y)r\g^^))- 

Denote the equivalence class of (x, y) in X (E) Y hy x (E) y- There is a natural right 
action of G on X (EY given by {x ® y)g = x (yg). Define a map i/j: X ®Y H 
by 'ip{x <E) y) = ■ilJx{x)'4'Y{y)- It is straightforward to check that this is well-defined 
and a structure map for X ® Y making {X (g) Y, tp) an {H, G) space. The left 
action induced by this structure map can be calculated using equation (|2.ip to be 
g{x®y) = gx®y. 

It is also straightforward to check that the process of forming products of bispaces 
is functorial. Just as is the case when forming tensor products of modules, the 
product of bispaces is not strictly associative, however it is associative up to a 
canonical natural isomorphism. Note also that the type of the product bispace 
satisfies Type(X ®Y) = Type(X) Type(r). 

Example 2.5. If ^ G we denote X T{£_) by -'^(O- It is straightforward to 
show that [x,g\ >-)■ xa{S,){g) defines a bijection from X ® T(^) to X with inverse 
X I— [x, 1]. With this identification the type map is a; i— >■ [V'(a;)^] and the right 
action is xg = xa{^){g). 

There is also a functor (— )* : Bisp^^^-j — s- Bisp^^^-j which sends a bispace X 
to its dual X*. If {X,ip) is an {H,G) bispace we define the dual {H,G) bispace 
(X*, -0*) to be the same underlying space X, but with the structure map i/i* = i/'"^ 
and the right group action x ■ g = xa{ip~^ {x)){g~^) . Again, using equation (|2.ip it 
can be seen that g ■ x = g~^x. 

The following lemma is straightforward. 

Lemma 2.7. For any {H, G) bispace X we have canonical isomorphisms X®T = 
T(E)X ^ X and X (g) X* isomorphic to T. 

Write TTg Bisp(^ q-^ for the set of isomorphism classes in the groupoid Bispj-^ Qy 
This is a pointed set, pointed by the isomorphism class of the trivial bispace. 
The functors (g) and (— )* induce a corresponding product and notion of dual on 
ttq Bispj-^ Since the process of forming products of bispaces is associative up 
to a canonical natural isomorphism the product on ttq Bisp^^ is associative. 
Lemma 12.71 shows that in fact ttq Bisp^^ q-^ has the structure of a group. 

The fact that the type map for bispaces preserves products means that the 
functor Type: Bisp^^ — > H/t{G) induces a homomorphism of groups 

Type: ttq Bisp(^ ^ H/t{G). 

Proposition 12.61 shows that this map is injective, and Example 12.31 shows that it is 
surjective. Hence Type is an isomorphism of groups. We summarize this discussion 
in the next proposition. 
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Proposition 2.8. The type map induces an isomorphism of groups 

Type: ttq Bisp(^_G) ^ iJ/i(G). 

2.2. Extension and reduction of bispaces. Recall that we denote the kernel of 

t: G — 7- 7J by Gi. We have seen above that Gi C Z{G). Notice that ii h £ H and 
g € Gi then t{a{h){g)) = ht{g)h~^ = 1 so that a(/i)(Gi) C Gi. Hence there is an 
action of H on t(G) — G/Gi via a and a crossed module 

t{G) F4 Aut(i(G)). 

We have the following lemma. 

Lemma 2.9. If X is an {H,G) bispace then X/Gi, with the right G-action and 
structure map induced from, X, is an {H, t{G)) bispace. 

If G — > is a crossed module we say a crossed submodule is a crossed module 
Go -ffo with the property that Go is a subgroup of G, i?o is a subgroup of 
H, t{Go) C Ho and the elements in a{Ho) C Aut(G) fix Go and thus define a 
homomorphism Hq Aut(Go). In such a case Go — > Ho is clearly a crossed 
module and the inclusions define a morphism of crossed modules. 

Example 2.6. If G — > if is a crossed module and Gi = kcr(i) then (l,Gi) is a 
crossed submodule of {H, G) where 1 is the identity subgroup of H. 

Let X be an {H,G) bispace and {Ho,Go) a crossed-submodule of {H,G). We 
say that Xq C X is a reduction of X to {Ho,Go) if Xo is an orbit of Go and 
V'(Xo) C Hq. Clearly Xo is an {Ho,Go) bispace with structure map ipxo- 

Let Xi denote the subspace 

(2.2) Xi = {a; e X I ij{x) = 1}. 

Then we have the following lemma. 

Lemma 2.10. Let X be an {H, G) bispace then 

(1) Xi is non-empty if and only i/Type(X) = 1. 

(2) If Xi is non-empty then it is a reduction of X to (l,Gi). 

Proof. The first part is obvious from the definition. If Xi is non-empty and if 
a; € Xi and g € Gi then tp{xg) = tp{x)t{g) = 1. On the other hand if x,y £ Xi 
then X = yg for some g G G and 1 = ipix) = il>{y)t{g) = t{g) so that g G Gi. □ 

Example 2.7. If X is a G bispace then t = Ad: G ^ Aut(G) = H so that Gi = 
Z{G). Then X\ is either empty or a (1,Z(G)) bispace. 

Let (F,G) and {H',G') be crossed modules, (C,r?): (F, G) ^ (i?',G') a mor- 
phism of crossed modules and X an {H,G) bispace. Let X(G') = X G' 
where the action of G on X x G' is {x,g')g = {xg,ri{g~^)g'). Clearly X(G') 
is a right G' space with action [x,g']g" = [x,g'g"]. Define a structure map by 
tp{[x,g']) = Q(ip{x))t' (g'). This is well-defined and equivariant making X(G') an 
{H',G') bispace. We call X(G') the extension of X to {H',G'). In particular we 
have the following Lemma whose proof is straightforward. 

Lemma 2.11. Let Xq be a reduction of the {H,G) bispace X to the crossed sub- 
module {Ho, Go). Then the map Xo(G) — >■ X defined by [x,g] i— >■ xg defines an 
isomorphism of {H, G) bispaces. 
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Thus wc have also: 
Lemma 2.12. //Typc(X) = 1 then X ~ Xi{G). 

Note 2.1. As additional motivation for our introduction of crossed modules we 
note that if we have a G bispace X and a homomorphism G ^ H there is no 
natural induced H bispace. We need the additional data of a homomorphism 
Aut(G) — Aut(iJ) so that the two homomorphisms give rise to a homomomorphism 
of crossed modules (Aut(G'),G) — > {knt{H),H). Indeed this is the key reason for 
considering crossed modules as coefficient objects for nonabelian gerbes - we don't 
have functoriality in G when considering the corresponding cohomology theory, 
only functoriality for maps of crossed modules. 

2.3. 2-groups and crossed modules. Bispaces and crossed modules are closely 
related to 2-groups. Recall (see for instance OH]) that a (topological) 2-group is a 
groupoid object Q in the category of topological groups. We will not spell out what 
this means precisely: suffice it to say that it means that Q is & groupoid for which 
both the objects and morphisms have the structure of topological groups. Since 
we will only ever be interested in topological 2-groups we will omit the adjective 
'topological'. 

Every crossed module t: G ^ H uniquely determines a 2-group Q and vice versa. 
The group of objects of G is defined to be H , while the group of morphisms of G is 
defined to be the semi-direct product H "A G. For more details we refer to [H |4] . 

The notion of 2-group that we have surveyed here is a 'strict' one; there is also 
a notion of weak 2-group for which we refer to [2]. Put briefiy, a weak 2-group 
is a (topological) 2-groupoid with one object; from another point of view a weak 
2-group consists of a groupoid Q equipped with a functor ®: Q x Q ^ Q which 
is associative up to a coherent natural isomorphism, together with several other 
axioms. 

The groupoid Bisp^j:^ g-, of all (iJ, G) bispaces is a prime example of a weak 
2-group in this sense. As we have seen, the product X (dY of two (iJ, G) bispaces 
defines a functor 

®: Bisp(^ G) X Bisp(^ G) ^ Bispj^ g) 
as above. There is a canonical functor from the groupoid Bisp^^ q-^ to the groupoid 
Q associated to the crossed module [H, G) . This canonical functor preserves prod- 
ucts in Bisp(^ and Q in an appropriately weakened sense: it turns out that this 
canonical functor is an equivalence between the weak 2-group Bisp^^ and its 
strict version Q. For more details we refer to [2]. 

This last statement is partially analogous to the following well known fact about 
topological groups: if G is a topological group and Spg denotes the groupoid of 
right G spaces and maps between them, then Spg. is equivalent to G, thought of 
as a groupoid with one object. The difference between this situation and the one 
we are considering lies in the fact that the groupoid G is not normally a 2-group, 
in fact it is a 2-group if and only if G is abelian. 

The groups ker(i) and H/t{G) also have a nice interpretation in terms of 2- 
groups. It turns out (using the technology of simplicial homotopy theory, see for 
instance [10]) that one can make sense of the homotopy groups ■ni{G) of a 2-group 
Q. In fact the crossed module G ^ H associated to a 2-group Q arises in this 
setting as the Moore complex of the simplicial group which is the nerve oi Q. If 
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one follows the standard recipe for computing the simplicial homotopy groups of a 
simplicial group then one finds that the homotopy groups TTi{Q) correspond to the 
homology groups oi G ~> H, thought of as a complex concentrated in degrees and 
1. So one finds that 7ro(^) = H/t{G) and that 7ri(C/) = ker(t). The fact that t{G) 
is normal in H and the fact that ker(t) is abelian can then be understood as higher 
dimensional analogues of the fact that the set of path components of a topological 
group has the structure of a group and the fact that the fundamental group of a 
topological group is abelian, respectively. 

3. BiBUNDLES 

Definition 3.1. Let {H,G) be a crossed module. If P — M is a (right) principal 
G bundle with an equivariant map ip: P ^ H such that each fibre of P — >■ M is a 
{H, G) bispace we call P M an (iJ, G) bibundle. 

We will call P the total space and M the base space of an {H, G) bibundle 
P M . As for the case of bispaces we say that a morphism of bibundles is a 
morphism of the underlying principal bundles which commutes with the structure 
maps. Clearly every morphism of bibundles inducing the identity on base spaces 
is an isomorphism. We will write Bibunj^ (^^(M) for the groupoid of bibundles 
on M and we will denote the set of isomorphism classes of bibundles on M by 
ttq Bibun(// If P is a bibundle on M then we will write [P] for its isomor- 

phism class in ttq Bibun(/f g')(M). 

Consider an (H, G) bibundle P ^ M. Each fibre of P Af is an {H, G) 
bispace so it follows immediately from the discussions in Section [2] that we have a 
commuting diagram 

P A H 

(3.1) i ; 

M A H/t{G) 

where V' satisfies pg = [a o ip){p){g)p. As before we will call '0 the structure map 
of P and the type map of P. Local triviality of P — ?> M will ensure that ij) and 
are smooth or continuous as appropriate. 

Note 3.1. We remark that the notion of [H, G) bibundle (and the notion of (iJ, G) 
bispace) is actually a special case of the notion of groupoid bundle. Recall that if Q 
is a topological groupoid with space of objects Gq and space of morphisms Gi, then 
a Q groupoid bundle over M (see [71 [11]) consists of a map tt: P M admitting 
local sections together with an action of Q on P, in other words the data of 

(1) a map p : P ^ Go, 

(2) a map m: P Xq^ Gi ^ P 

satisfying certain axioms (for which refer to [Tj lll|). Furthermore the action is 
required to be principal in the sense that the diagram 

P^Go G^^^P 
Pi 



P 



M 



10 



M. MURRAY, D.M. ROBERTS, AND D. STEVENSON 



is a pullback, where pi denotes projection onto the first factor. When Q is the 
groupoid associated to a crossed module (H, G) as described in Subsection 12.31 
above, the notion of Cy-bundle coincides exactly with the notion of {H, G)-bibundle. 

Example 3.1. If P — > M is a (right) principal A bundle for an abelian group A then 
P M is a. {1, A) bibundle with structure map 1 : P ^> 1. 

Example 3.2. Suppose that G is a normal subgroup of H so that we have a crossed 
module i: G ^ H. Let K denote the quotient group H/G and suppose that the 
projection H ^ K admits local sections, then H ^ K is an {H, G) bibundle. In 
this case the structure map ^: H ^ H is the identity. 

Example 3.3. Similarly if {H,G) is a crossed module then H H/t{G) is an 
{H,t{G)) bibundle with structure map ijj: H ^ H equal to the identity. Notice 
that the fibre i/j over ^ € H/t{G) is a t{G) bispace of type ^. 

Example 3.4. As an important example of the above construction let be a simple, 
simply-connected, compact Lie group and denote by PK the group of all smooth 
maps k: [0,1] — > K with fc(0) = 1. If we define tt: PK —> if to be evaluation 
of a path at 1 then this is an flK bibundle. Here we are defining the loop group 
ilK C PK to be the subgroup of all paths k with fc(0) — k{l). Note that this is a 
larger group than the group of smooth maps k from to K with fc(0) = 1. As in 
the general case above the adjoint action of PK on itself fixes the subgroup UK so 
we have a crossed module 

VtK PK ^ kut{Q.K) 
and thus the {PK, flK) bibundle PK -> K. 

Example 3.5. If P — M is an {H, G) bibundle and Gi is the kernel oi t: G ^ H 
then P/Gi ^ A/ is a {H,t{G)) bibundle, where t{G) = G/Gi. 

Just as with the structure and type maps many of the other notions we have 
introduced for bispaces can be extended immediately to bibundles by applying them 
to the fibres of P — >■ M . In particular this applies to the notions of reduction and 
extension and the product and dual constructions. So if P — ?► M and Q — ?> M are 
{H, G) bibundles then there are bibundles P* M and P®Q ^ M. If P, Q and R 
are bibundles on M then there are canonical isomorphisms P®{Q®R) = {P®Q)^R 
and P (g) P* = T where T — M x G is the trivial bibundle on M whose fibre at 
each point of M is the trivial bispace. In a completely analogous way to the earlier 
discussion for bispaces, we have the following Lemma. 

Lemma 3.2. The set ttq Bibun^// (A/) of isomorphism classes of bibundles on 
M forms a group with product [P] ® [Q] defined by [P ® Q] and where the inverse 
[P]^'^ of an element [P] is given by [P*]. 

Example 3.6. If iJ ^ if is the bibundle of Example 13.21 above then the product 
H X H ^ H in H induces a bibundle morphism H ® H H covering the product 
in K so that the diagram 

H®H 



K X K >-K 
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commutes. Similarly the inverse map h ^ h ^ in. H defines an isomorphism H — > 
H* covering the inverse map in K . 

Note that (|3.1|) is not quite a morphism of {H, G) bibundles, instead 



is a morphism of {t{G), H) bibundles. From this discussion we deduce the following 
proposition. 

Proposition 3.3. If P ^ M is an {H, G) bibundle with type map (j): M H/t{G) 
then P/Gi is the pull-back of H ^ H/t{G) by (f>. 

As a consequence we can deduce the following corollary. 

Corollary 3.4. If t: G ^ H is a crossed module with kcr(f) = 1 then G ~ t{G) 
and every bibundle P M is the pullback of the {H, G) bibundle H H/t{G) by 
the type map. 

Consider the case when the type map is the constant map to the identity in 
H/t{G). Then each fibre of P — M has a non-empty subset of points p G P such 
that ip{p) = 1. By analogy with (|2.2p above Lemma [2.101 denote the union of these 
subsets by Pi and note that from Lemma r2.10l we have that Pi is a reduction of P 



Following [1] we say that a section s of P is a central section ii tp o s = 1. We 
then have the following proposition. 

Proposition 3.5 (c.f [1 ). A bibundle P is trivial if and only if it has a central 
section. 

This gives us immediately the following result. 

Corollary 3.6. A bibundle P is trivial if and only if the type map is equal to 1 
and Pi is trivial. 

If Q ^ Af is a Gi bundle, that is a (l,Gi) bibundle, then we can extend to 
an {H,G) bibundle l{Q) — Q{G) using the construction from Subsection 12.21 So 
we have l{Q) — Q Xd G and ^{[q,g]) = t{g) G H. The type of b{Q) is clearly 
1 £ Map(M, iJ/t(G')). On the other hand assume that P has type 1 so that we 
have a well-defined reduction of Pi to (1, Gi). Then from Lemma [2. Ill we have the 
isomorphism 

Pi XGi G ~ P 

^ P9- 

Hence we have the following proposition. 

Proposition 3.7. Q ^ M is a trivial Gi bundle if and only if l{Q) is a trivial 
{H, G) bibundle. 

Proof. Clearly if Q has a section then it induces a section of l{Q)i which is a central 
section on l{Q) so by Corollarv l3.6I Q is trivial. On the other hand if i{Q) is trivial 
then it has a central section. But that must be a section of l{Q)i ~ Q, thus Q has 
a section and is trivial. □ 



P/Gi 

; 

M 




H 

; 

Him 







to (l,i(G)). 
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It follows that we have a sequence of 2-groups and homomorphisms between 
them 

(3.2) 1 ^ Bunci (Af ) ^ BihunH,GiM) Map(M, H/t{G)), 

where the group Map(M, H/t(G)) is thought of as a discrete 2-group. This sequence 
is 'exact' in the following sense. The homomorphism t is faithful, and if P is a 
bibundle on M then Type(P) = 1 if and only if P is isomorphic to a bibundlc of 
the form l{R), where i? is a Gi bundle on M. 

On passing to isomorphism classes we obtain the exact sequence of sets 

(3.3) 1 ^ 7roBunGi(A/) ^ tto BibunH,G(Af ) Map (M, H/t{G)). 

Consider now the image of the type map. To understand this let 0: M ^ H/t{G) 
be any map. We can puUback the t(G) bundle H H /t{G) along this map so that 
we get a puUback diagram 



Assume we can find a G bundle P ^ M which lifts the (right) t{G) bundle (p* (H) ^■ 
Af to a (right) G bundle. Then we can define a map ip: P H by the composite 
P — > (t>*{H) — > H. This map i/' is equivariant and hence is the structure map for 
an [H, G) bibundle structure on P ^ Af with as type map. We conclude that 
for (j) to be in the image of Type it suffices for us to be able to lift (p* (H) to a G 
bundle. Consider then the central extension 



The obstruction to lifting (j>*{H) from t{G) to G is the non-triviality of the class in 
H^{M,Gi) of the Gi lifting bundle gerbe [12J associated to 0*(i/). It follows that 
we have the exact sequence of groups 



(3.4) 

1 ^ TTo Bunci (AT) ^ ttq Bibunff,G(A/) Map(Af, H/t{G)) H'^{M, Gi). 



We remark that there is an alternative way to arrive at this exact sequence, for 
which we sketch the details. The 2-category BGrbGi(Af) of Gi bundle gerbes on 
M together with the corresponding 1-morphisms and 2-morphisms between them, 
is an example of a 3-group. The map which sends a map (p: M H/t{G) to the 
lifting Gi bundle gerbe on M determined by the puUback Gi bundle 4>*H defines 
a homomorphism Map(Af, if/i(G)) — > BGrbGi(A/). We can extend the exact 
sequence p.2p one term to the right and obtain an exact sequence of 3-groups 



1 BunGi(Af) Bibunjj,G(Af) Map( A/, if/t(G)) ^ BGrbGi(A/) 



where 'exact' is to be understood in a similar sense to that above. Taking ttq 
recovers the exact sequence (|3.4p above. 

The exact sequence p.3p tells us loosely that if H/t{G) is small then most (G, H) 
bibundles are likely to be abelian, i.e. reduce to abelian (l,Gi) bibundles or Gi 
bundles. Recall that there is a map H/t{G) Aut(G)/Ad(G) = Out(G) so the 
question of whether or not there are many (G, H) bibundles that are not abelian 
also relates to the size of Out(G) which we consider next. 



M 




H 

i 

H/t{G). 




^ Gi ^ G ^ <(G) ^ 0. 
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3.1. Type maps that lift. We say that a map 0: M — > H/t{G) lifts if there is 
some (f): M ^ H which projects to The construction used in Example 12.31 can 
be applied to define a bibundle T((/)) whose fibre over x G M is T{(f){x)). This gives 
a map 

Map{M,H) 7roBibun(^_G)(Af) 
which makes the following diagram commute 



Map(M, H) TTo Bibun(H,G)(^^) 



(3.5) 



Typo 



Map(M, H/t{G). 



Recall also from Example 12.51 that if Q — M is a bibundle we denote Q(0) — 
Q(E)Ti4>). 

As a result we have the following proposition. 

Proposition 3.8. If P ^ M is a bibundle with type map (p: M — > H/t{G) which 
lifts to (p: M H then P is isomorphic to L{R){(f)) for some Gi bundle R. 

Proof. By construction T{(j)) has type map 0, the same as P. Hence there is a Gi 
bundle i? with P ~ □ 

In particular we deduce the following when G is a simply-connected and semi- 
simple Lie group. 

Proposition 3.9. If G is a simply- connected and semi-simple Lie group then every 
G bibundle is of the form L{R){<j)) for some (p: M — > Aut(G). 

Proof. We have that H/t{G) = Aut(G)/ Ad(G) = Out(G) is the group of automor- 
phisms of the Dynkin diagram of G and hence discrete. It follows that the type 
map <j) is constant on connected components of M and hence lifts. □ 

Example 3.7. Consider an {A\xi{A),A) bibundle where A is abelian. In this case 
Ad{A) = 1 so that (f> lifts and the lift is, in fact, just cj) = cj). Hence from Proposition 
13.91 every bibundle has the form P{4>) for some A-bundle P. A particular case is 
A = U{1) when Aut(C/(l)) = Z2. In this case we have a C/(l) bundle P ^ M and on 
each connected component we give it a left action by defining zp = pz^^ depending 
on whether <j> restricted to that connected component is ±1. A (Z2, C^(l)) bibundle 
is a Jandl bundle ^14] . 

Note 3.2. Just as principal G-bundles on M can be described in terms of local data 
via their transition cocycles gij : Ui f) Uj -i- G relative to some open cover {Ui} of 
M, so also do bibundles have such a local description. If P is an {H, G) bibundle 
on M for some crossed module (i/, G) then, for a sufficiently fine open cover [Ui] 
of A'/, we can associate to P families of maps gij : Ui D Uj ^ G and hi: Ui ^ H 
satisfying the cocycle conditions 

QijQjk — gik 

hj = hit{gij). 

The maps gij are the usual transition cocycles of the bundle P and arise from 
comparing trivializations of P on overlapping patches. The maps hi are formed 
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by composing the section defining a trivialization of P over Ui with the structure 
map P ^ H. One can introduce an equivalence relation on pairs {gij, hi) and form 
a cohomology group H'^{M,Q) which parametrizes isomorphism classes of {H,G) 
bibundles. 

3.2. The bundle of bibundle structures on a principal bundle. Note that the 
structure map tp of an {H, G) bibundle can be viewed as a section of the associated 
bundle P xq H where G acts on the right of both P and H, the latter through the 
action h ■ g = ht(g). 

Another way of thinking about this is that if P is a right G bundle then each 
element \n P Xq H over x € AI defines a bispace structure on the right G space 
Px- This is because each such element defines a structure map Px — > H: if [p, h] € 
P Xq H then define a map P^ ^ H which sends pg i-^ ht{g). Clearly this is well 
defined and by construction it is equi variant. 

Note that bibundles puUback along maps: if P is an {H, G) bibundle on M and 
/: iV — > A/ is a map, then f*P — N Xm P has a natural structure of an {H, G) 
bibundle on N. Therefore, if we let tt: P Xq H ^ M he the projection map, then 
7r*(P) P xg H has a natural structure of an {H,G) bibundle. We can identify 
P X H with 7r*(P) cPxPxgH by the map {p, h) H> (p, [p, h]) and hence induce 
an (iJ, G) bibundle structure on PxH^PxgH. This is given by 

{p,h)g = {pg,ht{g)) 

and the structure map is the projection to H . Thus we have a commutative diagram 

P X H ^ H 



P y-oH- 



H/t{G). 



In summary then we see that a (H, G) bibundle structure on P is a section 
M P Xq H and the puUback via this section oi P x H ^ P Xg H is naturally 
isomorphic to P — > M as an {H, G) bibundle. 

3.3. The universal case. Let G be a topological group and let EG BG be the 
universal G bundle. We can apply the construction of Section 13.21 to the right G 
space EG and form the space 

EG X H. 

As we saw this is a bibundle over EG xq H with right G action given by 
(3.6) {e,h)g^[egM{g)) 

and structure map the projection onto H. It follows that the type map <j): EG xq 
H — > H/t{G) sends [e, h] to the equivalence class of h in H/t{G) and we have the 
commuting diagram 



EGxH 



H 



(3.7) 



EG xgH ^^H/t{G). 
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If P — !■ M is an [H, G) bibundle then there is a classifying map f : M ^ BG 
which hfts to a right G equivariant map f : P ^ EG. Together with the structure 
map ip: P ^ H this defines a homomorphism of {H, G) bibundles 

f : P ^ EG X H 

p ^ (/(p)Xp))- 

Denote by F: Af — > EG xq H the induced map. Then we have a commuting 
diagram of bibundles 



P- 



EGx H- 



H 



(3.8) 



EGxgH- 



H/t{G). 



r ^ # 

As a concrete example of this we have the following example. 

Example 3.8. Consider the crossed module Q,K — s> PK so that G = flK and 
H = PK. We can realise EG BG as the path fibration PK K. Then 
EG X H ~ PK X PK with the right action of VlK . The diagram above becomes 



P — ^ PK X PK ^—^ PK 

(3.9) 

Y " 

M -—^ PK xnK PK — K. 

r * 

The function F in p.8|) is a candidate for a classifying map for bibundles. How- 
ever, before we can justify this we need to study how bibundles induced by puUback 
are related to one another under homotopies of maps. 

3.4. Homotopy of bibundles. A key fact in the theory of ordinary bundles is the 
fact that homotopic maps induce isomorphic bundles under puUback. This same 
statement fails to be true for bibundles. To see why, recall that the type map 
M — >■ H/t{G) of an {H,G) bibundle P on M is an invariant of the isomorphism 
class of P. In other words, if P and Q are isomorphic bibundles on Af then the 
type map of P is equal to the type map of Q. li h: M x I N is a. homotopy 
between maps /o, /i : Af — N and P is a bibundle on N then there is no reason 
why the type map of the induced bundle h*P should be constant in the i-direction 
(here t is the coordinate on the interval f), and hence there is no reason why the 
bibundles /qP and fiP should be isomorphic. 

To get around this problem we clearly need to restrict our attention to homo- 
topies h: M X I ^ N which satisfy the following property: the composite map 
(j) o h: M X I H/t{G) is constant in the i-direction, where 4> is the type map of 
P. Put another way, we have a commutative diagram 

Af X f ^ N 




H/m 
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where the map Mxl ^ H/t{G) is the composition M x / M ^ H/t{G), where 
(po denotes the type map of HqP. 

Therefore, we should regard h: M x I ^ N as a. map in the category of spaces 
over H/t{G), which places us in the realm of parametrized homotopy theory. 

Recall that if B is a space then the category of spaces over B is the category whose 
objects arc spaces X equipped with a map X ^ B (wc will refer to such spaces 
as spaces over B) and whose morphisms are maps of spaces which are compatible 
with the projections to B (we will also refer to such maps as maps over B). Note 
that the identity map 1b'- B ^ B exhibits B as an object of this category (this is 
the terminal object of the category of spaces over B). Note also that product in the 
category of spaces over B of two spaces X, Y over B is the fibre product X XbY. 

A homotopy between two maps /o, /i : M — s- iV in the category of spaces over B 
is then the usual sort of map h: M x I ^ N, but where ht'- M ^ N defined by 
ht{x) = h{x,t) is a map over B for all t G I. We will sometimes say that /i is a 
homotopy from /o to /i over B. Clearly if /o and /i are homotopic maps over B, 
then /o and /i are homotopic in the usual sense. 

In particular we have the notion of a homotopy equivalence over B, also called 
a fibre homotopy equivalence. Notice that if / : X — > K is a fibre homotopy equiva- 
lence, then for any space Z over B, the induced map ZxbX^ZxbY is also a 
fibre homotopy equivalence (this fails to be true if / is just an ordinary homotopy 
equivalence). In particular if X is contractible as a space over B, in other words 
if the given map X ^ B is a homotopy equivalence over B, then for any space Z 
over B the induced map ZxbX^Z is a. fibre homotopy equivalence. 

Homotopy of maps over B is an equivalence relation and we will write [X, 
for the set of homotopy classes of maps over B between two spaces X and Y over 
B. 

With this understanding of the notion of homotopy, we have the following propo- 
sition. 

Proposition 3.10. Suppose that fo'. M — > A'' and /i: M — > N are homotopic 
maps in the category of spaces over H/t{G), where M is paracompact. If P is a 
bibundle on N then the bibundles Pq = /q f and Pi = f^P on M are isomorphic. 

Proof. Let h: M x I ^ N he a homotopy from /o to /i over H/t{G) and let 
Q ^ M X I denote the induced bundle h*P. It suffices to show that the bibundles 
Q and Pq x I on M x I are isomorphic. Standard bundle theory shows that the 
underlying G bundles P and Pq x I are isomorphic. 

The G bundle P^xl is equipped with the structure map P^xl Pq ^ H which 
is constant in the /-direction (the map Pq ^ H is the restriction of the structure 
map Q H of Q to Q\mx{0})- Using the isomorphism Q = PqX I we can define 
on Pq X / a new structure map Pq x I ^ H. We would like to show that these two 
structure maps define isomorphic bibundle structures on Pq x I. 

Let ^i: Pq X I — > H denote the structure map which is constant in the I- 
direction and let (j)2'. Pq x I ^ H denote the structure map which is induced by 
the isomorphism of G-bundles Q = PqX I. Since and <?!)2 correspond to the same 
(constant) type map M x I ^ H/t{G) we must have that ^2 = (f>iX ^ov some map 
X- Pq X I ^ G/ker(t) which satisfies 



KX = t{9)-\t{g). 
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Suppose that we can find a map x: Pq x I ^ G satisfying x — tix) ^-^d R*x — 
9~^X9- Then x defines a G bundle automorphism of Po x I- Furthermore this 
bundle automorphism is compatible with (pi and 02 in the obvious sense. It follows 
that 01 and 02 define isomorphic bibundle structures on Pq x /. 

It remains to prove the existence of the equi variant map x: Pq x I ^ G . We are 
given the equivariant map %: Pq x ^ ^ G/ ker(t) and we note that this restricts to 
the constant map 1 on Pq x {0}- Since x is an equivariant map it can be regarded 
as a section s of the associated bundle of groups Po{G/ ker(i)) x I on M x I. The 
condition that x restricts to the constant map on Pq x {0} translates into the 
condition that the section s is identically 1 on M x {0}. 

The homomorphism t: G ^ G/ker(t) induces a map Po{G) Po(G/ker(t)) of 
the associated bundles. As part of our assumptions on the crossed module {H, G) 
(see Section [2]) we assume that the map G — >■ G/ker(i) has local sections, and is 
hence locally trivial with fibre ker(i). It follows that Po(G) — !■ Po(G/ker(t)) is a 
locally trivial fibre bundle with fibre Po(ker(i)). 

We need to prove that the section s of Po(G'/ ker(t)) x / lifts to a section s of 
Po{G) X I- Such a section s can be thought of as a section of the bundle R on 
M X I obtained by puUing back the bundle Po(G) x I ^ Pq{G / ker(t)) x / with the 
section s: M x / Po(G/ker(i)) x I. 

We are in the following situation: we have a fibre bundle R ^ M x I together 
with a section defined over M x {0} and we want to extend this section to a section 
defined over the whole of M x /. Since P — ^ M x J is a fibration, it has the 
homotopy lifting property, hence such a section exists. □ 

3.5. Classifying theory for bibundles. We can consider the total space P of 
an (P, G) bibundle on M as an object in the category of spaces over H via the 
structure map. Let us say that P is contractible as a space over H if the structure 
map P ^ H is a, homotopy equivalence in the category of spaces over H . As an 
example, since EG is contractible as an ordinary space, EG xH is contractible when 
viewed as a space over H with the map to H being projection to the second factor. 
We have the following analogue of the classical bundle classification theorem. 

Theorem 3.11. Suppose that E is an (P, G) bibundle over a space B such that E 
is contractible when viewed as a space over H. Then E ^ B is a universal bibundle 
in the sense that there is an isomorphism 

[M,B]H/t{G) = 7i-oBibun(H,G)(^) 
induced by pullback of bibundles, for any paracompact space M . 

Our proof will be an adaptation of the proof of Theorem 7.5 from [6]. In this 
paper Dold introduces some key notions which we will recall here, as they play 
an important role in what follows. Recall (see Definition 2.2 of |6]) that a map 
p: Y ^ X is said to have the section extension property if the following is true: if 
A is a closed subspace of X and s: A Y is a. section of p defined over A which 
has an extension to a 'halo' around A, then there is an extension of s to a section of 
p defined on X. Here a halo of A is a subset V oi X such that there is a continuous 
map T : AT — > / with the property that r(a) — 1 for all a S A and t{x) = for all 
X G X — V . It follows that any map p: Y X with the section extension property 
admits at least one section. 



18 



M. MURRAY, D.M. ROBERTS, AND D. STEVENSON 



Dold proves the important Theorem 2.7 of [6] which says that if {Ui} is a numer- 
able open cover of X and the restriction p\u. of p to Ui has the section extension 
property for aU i ^ I, then p: Y X has the section extension property. A suffi- 
cient condition for a map q: U V to have the section extension property is that 
q is shrinkable, in other words q is fibre homotopy equivalent to the identity map 
ly (see Proposition 2.3 of ^). Therefore, if there exists a numerable open cover 
{Ui} of X such that p\ij. is shrinkable for all i G /, then p: Y X has the section 
extension property. 

Proof. Proposition 13.101 shows that the map [A/, _B]///j((3-) — ttq Bibun(^ c.-)(M) 
which sends a homotopy class [/] of maps over H/t{G) to the isomorphism class 
of the pullback bibundle f*E is well defined. We want to show that this map is 
an isomorphism. We first show that this map is surjective. Let P be a bibundle 
on M and consider the space P Xh E over M and its quotient (P E)/G hy 
the diagonal G-action. A section of the canonical map {P Xh E)/G — J> M is a 
G-equivariant map P E which is compatible with the structure maps of P and 
E. If such a section exists, then we have a map /: M ^ B and it follows that P is 
isomorphic to the pullback f*E. 

First suppose that (P, </>) is a bibundle on M such that the underlying principal 
G bundle is trivial — suppose that s : M — P is a section of the map tt : P — >■ M. 
We will show that in this case the map (P x^ E)/G — ^ M is shrinkable. We regard 
M as a space over H via the map o s : M ^ H . Then there is an isomorphism 

{Pxh E)/G M Xh E 

[p,e] H> {TT{p),eT{p,STT{p))) 

which is compatible with the projections to M. Here r: pl^l — > G denotes the 
usual map which satisfies p2 — piT{pi,p2) for {pi,P2) £ -P'^'- It is easy to see that 
this map is well defined. To see that {Tr{p),eT{p,sn{p))) G M Xh E as claimed, 
note that if (p, e) G P Xjf E is a representative of [p, e] then (j){p) — ^/'(e), where 
ip: E H is the structure map of the bibundle E. Therefore 

ip{eT{p, s{m))) = (j){p)t{T{p,s{m))) = (t){pT{p, s{m))) = 0(s(m)), 

as required. An inverse for the map above is given by the map MxhE^{Pxh 
E)/G which sends (m, e) ^ [s(m), e] as is easily checked. Since E is contractible as 
a space over H, we see that M x h E M, and hence {{M x G) xh E)/G ^ M, 
is shrinkable. 

Since M is paracompact, we can form a numerable cover {t/ijig/ of M by open 
sets Ui with the property that there exist local sections : C/^ ^> P of vr: P — > M 
over Ui . It follows from the previous argument that the restriction oi {PxhE)/G ^ 
M to Ui is shrinkable for all i (£ I. Hence, by Theorem 2.7 of [6], we see that 
[P Xh E)/G ^ M admits a section over M . Hence P is induced by pullback from 
E via a map M B. 

Next we show that the map is injective. Suppose that fo - M ^ B and /i : M — >• 
B are representatives of homotopy classes of maps for which there is a bibundle 
isomorphism f^E = f^E. Let Pq = fgE, Pi = f*E and suppose that a: Pq — > Pi 
is a bibundle isomorphism. Let P — Pq x I and consider, as in [6], the bibundle 
map 



(3.10) 



P\mx{o,i} ^ ^ 
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induced by a and the bibundle map ao: Pq ^ E. This bibundle map is a section 
of [P Xh E)/G over M x {0,1}. By the same argument as above, since E is 
contractible as a space over H, the map {P E)/G M x I is locally shrinkable 
and hence has the section extension property. 

The section of (P x ^ E)/G M x I over M x {0, 1} defined by (|3T0l) has an 
extension to a halo around M x {0, 1} since it can be extended (following f6^) to a 
bundle map 

^lAfx([0,l)U(i,ll) ^ 
{u,t) ^ 

where we have written ai: Pi ^ E for the bundle map covering map /i : M x I ^ 
B. The set y = M X ([0, i) U (i, 1]) is a halo around M x {0, 1} as explained 
in [5]. Therefore, by the section extension property, there is an extension of the 
section p.lOp to a global section defined over the whole space M x I. This global 
section corresponds to a bundle map Pq x I E which covers a map M x I B. 
The latter map is a homotopy between /o and /i. □ 

Note 3.3. Note that this theorem need not be true if we replace homotopy classes 
over H/t{G) with arbitrary homotopy classes. As we remarked in Subsection 13.41 
above, if /o and /i are homotopic maps from M into B which are not homotopic 
over H/t{G) then there is no reason why the structure maps of the induced bun- 
dles JqE and f^E should be equal, and hence no reason why fgE and fiE should 
be isomorphic bibundles. Arbitrary homotopy classes leads to the notion of 'con- 
cordance' of bibundles: two bibundles Pq and Pi on M are said to be concordant 
if there is a bibundle P on Af x / such that P\mx{o} — Po and P|a/x{i} — Pi- 
The concordance relation is an equivalence relation and it can be shown that the 
set of concordance classes of bibundles on M is in a bijective correspondence with 
homotopy classes of maps from M into P, if P is a space as in Theorem 13.111 So 
we see that in general the notion of isomorphism of bibundles is a finer equivalence 
relation, leading to more equivalence classes, than the notion of concordance of 
bibundles. 

As a corollary of Theorem 13. Ill above, we have the following result. 

Theorem 3.12. Let {H,G) be a crossed module. Then the bibundle EG x H ^ 
EG Xq H is a classifying bibundle in the sense that there is an isomorphism 

7roBibun(ff,G)(A^) = [M,EG Xg H]H/t{G) 

for any paracompact space M , which is induced by sending the isomorphism class 
of a bibundle P on M to the homotopy class of the map F : Af — > EG Xq H over 
H/t{G). 

Proof. This follows because EG x H ^ EG Xq H \s a, bibundle and EG x H is 
contractible as a space over H . □ 

3.6. Group structure on the classifying space. We will now show that there 
is a universal (P, G) bibundle P(P, G) ->■ B{H, G) for which both P(P, G) and 
P(P, G) are topological groups and the projection map is a group homomorphism. 
Choose a model for the total space EG of the universal G bundle which can be 



aia{u) if < > 



iit<\ 
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equipped with the structure of a topological group, containing G as a closed sub- 
group. Assume further that the action of iJ on G extends to an action of H on EG 
by automorphisms. Let us denote this extended action also by 

a: H ^ kMi{EG). 

Finally we assume that if g G G C EG then a{t{g)){e) = geg~^ . In other words as 
well as G being a subgroup of EG we have {H, G) a crossed submodule of {H, EG). 

Example 3.9. Consider the crossed module VLK — ^ PK with the action of PK on 
VlK by conjugation. The space EVlK = PK is a topological group under pointwise 
multiplication and the conjugation action on ^IK extends to the adjoint action of 
PK on EflK = PK. This is also an action by automorphisms. Clearly if g G UK 
and e G PK we have a{t{g)){e) — a{g){e) — geg^^. 

More generally, the total space EG of the universal bundle can be constructed as 
the geometric realization of a certain simplicial space subject to a mild restriction on 
the topological group G (see for instance [S1[T5]). It turns out that that EG carries 
a natural structure of a topological group, containing G as a closed subgroup. It is 
not hard to show (using the construction of EG given in [3]) that, since H acts by 
automorphisms on G, there is an induced action of H on EG and that moreover 
a(^(5))(e) = 565"^- 

Given this extended action a we have a semi-direct product EG xi H with mul- 
tiplication 

{e,h){e\h') = {ea{h){e'),hh')). 

We denote this group by E{H, G). Notice that (e, h)-^ = {a{h)-'^ {e'^) , h~^). 

Notice also that the map G E{H,G) defined by g i-^ (5~^i^(5)) is a homo- 
morphism because 

{g-\t{g)){k-\t{k)) = ig-^a{t{g)){k-'),tig)tik)) 

= {g-'g{k-')g-\t{g)t{k)) 

= {k-^g-\t{gk)) 

= {{gkr\t{gk)). 

Moreover the image of this map is actually a normal subgroup because 

(3.11) {e,h){g-\t{g)){a{h-^)(e-^),h-^) 

= {ea(h)(g-^), ht{g)){a{h-^){e-'), h-') 

= {ea{h){g-')a{ht{g)){a{h-'){e-')), ht{g)h-') 

= {{a{h){g))-\t{a{h){g))). 

We denote the image of this homomorphism inside E{H, G) by G and hence have 
the exact sequence of topological groups 

(3.12) G ^ E{H,G) B{H,G). 

In fact the map E{H,G) — !• B{H,G) admits local sections since it is obtained by 
puUback from the universal G bundle EG — > BG via the projection B{H, G) — ?> BG 
(see [3] for a proof of this). Notice that right action by G on E{H, G) is 

(e, h)g = (e, h){g'\t{g)) = {ea{h){g-^), ht{g)). 
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Example [321 shows that E{H,G) B{H,G) is a {G,E{H,G)) bibundle, where 
the structure map E{H^ G) ~^ E{H, G) is the identity. Notice though that there 
is a morphism of crossed modules {G,E{H,G)) {G,H), the homomorphism 
E{H, G) ^ H being the projection onto H in the semi-direct product. Therefore 
there is a natural extension of E{H, G) B{H, G) to an (i/, G) bibundle (see the 
discussion in subsection 12. 2p . The structure map $: E{H,G) — > iJ is then given 
by $(e, h) = h. 

Consider now the bijection x ■ EG x H ^ E{H, G) defined by 

X:EGxH E{H,G) 
(e,/i) ^ (a(/i)(e-i),/i) 

and note that x commutes with structure maps which are the projections onto H 
in both cases. To see that x is a bibundle isomorphism we only have to check that 
it commutes with the right action of g € G. We have 

X((e,%) -X((e.g, 

= {a{ht{g)){g-'e'^),ht{g)) 

^ {a{h){a{t{g)){g-^e~^))M{9)) 

^{a{h){g{g-'e-')g-').,ht{g)) 

^ia{h){e-'g-'),ht{g)) 

= {a{h){e-')a{h){g-'),ht{g)) 

= {a{h){e-'),h){g-\t{g)) 

= X{e,h)g. 

It follows that X induces a map x- EG iJ — > B{H, G) and that 

EGxH E{H, G) 

(3.13) 

EGxgH^^B{H,G) 

is an isomorphism of bibundles. 

The diagram p.7p above now becomes a diagram of topological groups and 
continuous homomorphisms between them 

E{H,G)—^H 



B{H,G)^H/t{G). 

If P — > AI is a bibundle we define F: M B{H,G) by composing the function 
r : Af — > EG Xg H with the function x to obtain the composite diagram 
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P — ^ EGxH E{H, G) 

t 

M ^EG>cgH^^B{H,G) 

from which we obtain 

P ^^E{H,G) 



M ^ B{H, G) H/t{G). 

Clearly E{H, G) B{H, G) is a classifying bibundle for {H, G) bibundles. Since 
E{H, G) — s> B{H, G) is a bibundle arising from the quotient of groups (|3.12l) . it has 
a nice behaviour with respect to products of bibundles. More precisely we have the 
following results. The discussion in Example 13.61 gives us the following lemma. 

Lemma 3.13. 

(1) The product in the group E{H, G) induces a morphism of bibundles E{H, G)(E> 
E{H, G) E{H, G) covering the product B{H, G) x B{H, G) B{H, G) 
in the group B{H, G). 

(2) The inverse map B{H, G) — > B{H^ G) pulls back the bibundle E{H, G) — ?■ 
B{H, G) to its dual. 

From this we easily deduce the next proposition. 

Proposition 3.14. 

(1) LetFi,F2: M B{H, G) and define F1F2 : M B{H, G) to be the point- 
wise product. Then {FiF2)*{E{H, G)) ~ F^{E{H, G)) (g> F^{E{H, G)). 

(2) Let F : M — > B(H,G) and denote by F^^ the pointwise inverse. Then 
{F-^)*{E{H,G)) ~ {F*{E{H,G)))*. 

As we have already observed, E{H, G) — ?> B{H, G) is a universal bibundle in the 
sense of Theorem 13.111 and hence there is an isomorphism 

(3.14) [M, B{H, G)]H/t(G) = Bibun(H,G) (M). 

Since B{H, G) is a topological group the set [Af, B{H, G)\H/t{G) of homotopy classes 
of maps over H/t{G) acquires a natural structure as a topological group. As we 
have remarked previously (see Lemma [3.2|) ttq Bibun(// G)(Af) also has a natural 
structure of a group where the product [P] ■ [Q] is the isomorphism class of the 
bibundle P ® Q. Proposition 13.141 shows that the isomorphism p.l4p preserves 
products, since 

[rE{H,G)] ■ [g*E{H,G)] = [(/g)*i?(ff, G)]. 

It follows that p.l4|) is an isomorphism of groups. We record this observation in 
the following theorem. 
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Theorem 3.15. Let {H,G) be a crossed module. Then the bibundle E{H,G) — >■ 
B{H, G) is a classifying bibundle which preserves group structures in the sense that 
there is an isomorphism of groups 

7roBibun(ff,G)(M) ^ [M, B{H,G)]H/t{G) 
for any paracompact space M. 

3.7. {H, G) bibundle structures on a G principal bundle. Consider the com- 
muting diagram 

EGxH — ^ EG 



EGxgH^^BG 

wliere tteg and ttbg are tlie natural projections. This is a morphism of G bundles 
and shows that ttbg is a classiiying map for the G bundle EG x iJ — >• EB Xq 
H. Using the isomorphism x from the bibundle EG x H EG Xq H to the 
bibundle E{H,G) — >■ B{H,G), which is also a G bundle isomorphism, we see that 
tt: B{H, G) -> BG defined by tt = ttbg ° is a classifying map for the G bundle 
E{H, G) B{H, G). Note that tt: B{H, G) BG, like ttbg^ has fibre H. 

It follows that if P ^ M is an [H, G) bibundle with classifying map F: M ^ 
B{H,G) then w o F: M ^ BG is a classifying map for the G bundle P ^ M. 
Conversely if a G bundle P — > M has a classifying map /: M —> BG which 
lifts to a map f:M—^ B[G,H) then it is isomorphic to f*{E{H,G)) and thus 
admits an [H, G) bibundle structure. Hence a G bundle P ^ M admits an {H, G) 
bibundle structure if and only if it has a classiiying map M — >■ BG which lifts to 
M B{H,G). Thus wc have the following proposition. 

Proposition 3.16. If H is contractible then every G bundle admits an {H,G) 

bibundle structure. 

Example 3.10. Consider a bundle P M. Then as PK is contractible we can 
always lift a map M B^IK to B{PK, nK) and every nx admits a {PK, QK) 
bibundle structure. Recall that a {PK, ^IK) is also an CIK bibundle so every CIK 

bundle admits an flK bibundle structure. 

3.8. Loop groups. We have seen that the existence of bibundles that are not 
abelian relates to the size of Out(G) and we have commented that we are therefore 
interested in groups that have large outer automorphism groups. One example is 
the group G = QK of based loops in a compact Lie group K. There are a number 
of possible groups H and homomorphisms making ClK — > H into a crossed module 
so for the moment we will make some general comments, before looking at some 
specific examples. 

As we remarked above we have EQK = PK and BQ.K = K with the projection 

PK K being evaluation at 1. Wc have that EG x H = PK x H where the 
action of QK is (e, h)k = {ek, ht{k)) and that E{H, QK) = PK x H with the 
product {e,h){e',h') = {ea{h){e'),hh') and the action of fc G ClK being {e,h)k = 
{ea{h){k-'^),ht{k)). The projection from B{H,nK) to B^K = K is given by 
[e,h] ^ a{h)-^{e-^){l). The type map B{H,Q.K) H/t{Q.K) is just projection 
of (e, h) to the coset of h in H/t{flK). 



24 



M. MURRAY, D.M. ROBERTS, AND D. STEVENSON 



Example 3.11. Let H = PK with the aetion a{h){e) ~ heh ^ usmg pomtwise 
multiplication of paths. Then E{PK, ilK) = PK x PK with the multiplication 

(e,/i)(e, h) = {eheh~^ ,hh). 

We can identify this with the usual product PK x PK by the isomorphism (e, h) h-^ 
{eh,h). The subgroup V,K of all {k~^,k) becomes the subgroup of all (l,fc) or 
{1} X VIK. So we have E{PK,VtK) ^ PK x PK and B{PK,VtK) = PK x K. 
The projection of a pair (e, k) 6 PK x K to BVlK = K can be calculated by first 
reversing the isomomorphism above to send it to (efc~^, k) and then mapping this 
to a(fc)~^((eA;~^)~^)(l) = e(l)fc. Notice that any map f : M ~> K can be lifted to 
F: M PK X K by taking F{m) = (1, /(m)). 

In this example H/t{VtK) = PK/D.K = K and the type map B{PK, VtK) = 
PK X K K is just projection onto the second factor. It follows that we have the 
exact sequence of groups 

PK B{PK, rtK) K 
This is an instance of an exact sequence of groups 

1 EG/Gi B{H, G) H/t{G) 1 
which exists for any crossed module [H, G) . 

Using these observations we illustrate how the set of homotopy classes of maps 
[M, B{H, G)] can fail to be isomorphic to the set of isomorphism classes of (iJ, G)- 
bibundles, as mentioned earlier. 

Example 3.12. Let -fiT be a compact connected, non-trivial Lie group and let G — 
VlK . Then we have seen in Example 13.111 above that B{ilK, PK) is isomorphic to 
the group PK x K and the homomorphism $: B{VlK,PK) ^ if is the natural 
projection. Clearly we can find homotopic maps Fq, Fi : M — > PK x K such that 
and are not equal. Hence the VlK bibundles induced by pull back with 
Fq and El are not isomorphic. 

We leave it for the interested reader to consider some of the other crossed modules 
[H, Q,K) in the following examples. 

Example 3.13. The group Diffo([0, 1]) of diffeomorphisms fixing and 1 acts on 
VlK so we can take H equal to the semi-direct product PK x Diffo(S'^). 

Example 3.14. Replace PK by the group of smooth maps from [0, 1] to A\xi{K) 
acting pointwise. As automorphisms fix the identity there is no need to impose a 
condition on the map at the endpoints. 

4. Conclusion 

While bibundles are of independent interest one motivation for discussing them 
is the notion of an (iJ, G) bibundle gerbe pj . We will indicate here briefly how our 
approach will apply in this case. A complete discussion will appear in |13j . 

We assume the reader is familiar with abelian bundle gerbes [12]. First we have 
the analogue of the definition of an abelian bundle gerbe. 

Definition 4.1 (c.f. [T]). An {H,G) bibundle gerbe on M, or just bibundle gerbe 
when the crossed module {H, G) is understood, consists of a pair (P, Y) where 
TT : y — > A/ is a surjective submersion and P ^ F is an (iJ, G) bibundle equipped 



BIBUNDLES 



25 



with a bibundle gerbe product. This is a bibundle map which on fibres takes the 
form 

^{yi,y2) ® ■P{v2,v3) ~^ ^ivi,V3) 
for (yi, 2/2,2/3) G i^'"^'. The bibundle gerbe product is required to be associative in 
the usual sense. 

Fundamental to the theory of bibundle gerbes is the notion of stable isomor- 
phism. Before we give the definition, observe that if (P, Y) is a bibundle gerbe and R 
is a bibundle on Y, then we can construct a new bibundle gerbe (TTai?* (8'-PC3'7rJi?, Y) 
on M with bibundle gerbe product given fibrewise by using the bibundle gerbe 
product on P and contraction as 

yi,y2) 

Ry, (E) R;^ ® P(y,^y,) (E) Ry, ^ R;^ ® P( 

yi^ya) ® 

With this construction in hand we can make the following definition, which is closely 
related to Definition 12 in jT|. 

Definition 4.2. Let {P,Y) and be bibundle gerbes on M. We say that P 

is stably isomorphic to P' if there exists a bibundle R on Y x m Y' together with 
an isomorphism of bibundle gerbes 

(4.1) TT^P* (g)P® 7ri*i? ^ P' 

where we have suppressed the projections {Y Xm Y')^'^^ -^■ Y^^^ and {Y x^ y)!^] 
(y)[2] which are used to puUback P and P' respectively. 

Finally the type of an {H, G) bibundle gerbe is defined as follows. Let (P, Y) be 
an {H, G) bibundle gerbe over M. Then P -> fI^] j^^^g ^ ^ypg ^^^^ y[2] ^ H/t{G). 
The existence of the bundle gerbe multiplication and its associativity means that 

(4.2) <l>{yi,y2)(l){y2,y3) = (f>{yi,y3) 

for all (2/1,2/2,2/3) G yf'^l. Recall [5] that a K prehundle over Af consists of a 
submersion F — s- il/ and a map fc : F^^l if satisfying a cocycle equation analogous 
to (j4.2p above. Every if prebundle over M determines a principal if -bundle over 
M and conversely. 

It follows that every (i7, G) bibundle gerbe (P, Y) over M defines an H/t{G) 
prebundle ((/), F) over M and hence a principal H/t{G) bundle over M . We call 
this the type of the bibundle gerbe. In the sheaf theoretic setting, this pre-bundle 
is known as the band of the gerbe. 

Example 4.1. A Jandl bundle gerbe [H] consists of a (Z2, U{1)) bundle gerbe (P, Y) 
over M . The type of (P, Y) is a Z2 prebundle over M and the induced Z2-bundle 
is called the orientation bundle of the Jandl bundle gerbe. 

We will discuss all of these notions in more detail in [13]. 
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